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Abstract
In the present paper, some new almost fixed point theorems and fixed point theorems for lower
semicontinuous type multivalued mappings are obtained in metrizable H -spaces.
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1. Introduction
The fixed point theory of upper semicontinuous multivalued mapping is well devel-
oped and associated with the names of Kakutani, Fan, Glicksberg, Himmelberg and Wu
(see [4–6,12,14,18]). The fixed point theory of lower semicontinuous multivalued map-
ping is still being developed. In 1968, Browder [2] researched the fixed point problem
of multivalued mappings with open lower sections (which must be lower semicontin-
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problem of lower semicontinuous multivalued mapping in metrizable locally convex topo-
logical vector spaces. Moreover, in 1988, Idzik [13] researched the γ -almost fixed point
problem for an upper semicontinuous multivalued mapping in topological vector spaces,
where γ is a closed convex covering of the image set. In 1996, Hadžic´ [10,11] re-
searched the almost fixed point problem for lower semicontinuous multivalued mappings
in H -spaces and topological vector spaces. She obtained the following almost fixed point
theorems.
Theorem 1.1. Let (X, {ΓA}) be an H -space with uniformity U and let K be a nonempty
precompact H -convex subset of X. Let T :K → 2X be a lower semicontinuous multivalued
mapping such that T (x) ∩ K = ∅ for each x ∈ K , and T (x) is H -convex for each x ∈ K .
If K ∪ T (K) is of generalized Zima type, then for each V ∈ U , there exists a point x¯ ∈ K
such that T (x¯) ∩ V (x¯) = ∅, where V (z) = {x ∈ X: (x, z) ∈ V }.
Theorem 1.2. Let X be a complete metrizable topological vector space, U the family of
open neighborhoods of zero in X, K a nonempty convex closed subset of X. Let T :K →
2X be a lower semicontinuous multivalued mapping such that T (x) ∩ K = ∅ for each
x ∈ K , and T (x) is convex for each x ∈ K . If for each V ∈ U , infx∈K α[T +((x + V )c)]
= 0 and there exists U ∈ U such that co(U ∩ (K − T (K))) ⊂ V , where (x + V )c = X \
(x + V ), T +((x + V )c) = {z ∈ K: T (z) ⊂ (x + V )c} and α is the Kuratowski measure
of noncompactness, then for each V ∈ U there exists a point x¯ ∈ K such that T (x¯) ∩
(x¯ + V ) = ∅.
In the latest paper [16], Wu and Li gave the following almost fixed point theorem.
Theorem 1.3. Let (X, {ΓA}) be a Hausdorff l.c.-space with the uniformity U and Γ{x} =
{x} for all x ∈ X. Let D be a nonempty H -compact subset of X and let T :X → 2D be
a quasi-lower semicontinuous multivalued mapping. Then for each V ∈ U , there exists a
point x¯ ∈ K such that H -co(T (x¯)) ∩ V (x¯) = ∅.
Since lower semicontinuity is stronger than quasi-lower semicontinuity and the con-
ditions of a l.c.-space are stronger than the conditions of a H -space with uniformity,
Theorems 1.1 and 1.3 are independent from each.
In the present paper, our purposes are to establish some new almost fixed point
theorems and fixed point theorems for lower semicontinuous type multivalued map-
pings in metrizable H -spaces, and as an application of the fixed point theorem we ob-
tain a nonempty intersection theorem. Limited to length of this paper, we no involve
their applications to equations, variational inequalities, Nash equilibria and optimiza-
tion problems. By comparing them with previous results, our Theorem 3.1 is a new
almost fixed point theorem, even if Y = Rn, it is also new; Theorem 3.2 contains The-
orem 1.2 as a special case, which generalizes Theorem 1.2 from topological vector
spaces to H -spaces without any linear structure; Theorem 4.3 contains Theorem 4.2
and Corollary 4.4, even so, Corollary 4.4 is a new fixed point theorem in normed linear
spaces.
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To begin with we explain the concept of H -space introduced by Horvath [8] and Bardaro
and Ceppitelli [1] and some related concepts.
Let X be a topological space and F(X) the family of all nonempty finite subsets of X.
Let {ΓA} be a family of some nonempty contractible subsets of X indexed by A ∈ F(X)
such that ΓA ⊂ ΓA′ whenever A ⊂ A′. The pair (X, {ΓA}) is called an H -space. Given an
H -space (X, {ΓA}), a nonempty subset D of X is said to be
(1) H -convex if ΓA ⊂ D for all A ∈F(D);
(2) Weakly H -convex if ΓA ∩ D is nonempty contractible for each A ∈F(D);
(3) H -compact in X if for each A ∈F(X), there exists a compact weakly H -convex subset
DA of X such that D ∪ A ⊂ DA.
For a nonempty subset K of X, we define the H -convex hull of K , denoted by H -coK ,
as
H - coK =
⋂
{D ⊂ X: D is H -convex and K ⊂ D}.
If K = ∅, we always consider H - coK = ∅.
An H -space (X, {ΓA}) is said to be an l.c.-space (see [7]) if X is a uniform space
and if there exists a base {Vi : i ∈ I } for the uniform structure such that for each i ∈ I ,
the set {x ∈ X: E ∩ Vi[x] = ∅} is H -convex whenever E is H -convex, where Vi[x] =
{y ∈ X: (x, y) ∈ Vi}.
Remark. A nonempty convex subset X of a locally convex topological vector space is an
l.c.-space with ΓA = coA for all A ∈F(X).
Let X be a topological space. We denote by 2X the family of all subsets of X. If A ⊂ X
we shall denote by cl(A) the closure of A.
Let X,Y be two topological spaces and T :X → 2Y a multivalued mapping.
(1) T is said to be transfer closed valued on an open subset U of X if for any (x, y) ∈
U × Y with y /∈ T (x), there exists a point u ∈ U such that y /∈ cl[T (u)];
(2) T is said to be upper semicontinuous (respectively lower semicontinuous) if for each
x ∈ X and each open set V ⊂ Y with T (x) ⊂ V (respectively T (x) ∩ V = ∅), there
exists an open neighborhood U of x such that T (z) ⊂ V (respectively T (z) ∩ V = ∅)
for each z ∈ U ;
(3) [16] If Y is a uniform space with the uniform structure U , then T is called quasi-
lower semicontinuous if for each x ∈ X and each V ∈ U , there exists a point y ∈ T (x)
and a neighborhood U(x) of x such that for each z ∈ U(x), T (z) ∩ V (y) = ∅, where
V (y) = {w ∈ Y : (w,y) ∈ V };
(4) If Y is a metric space with metric d , then T is called locally-uniformly weak lower
semicontinuous if T is quasi-lower semicontinuous and for each x ∈ X there exists an
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there is a δ > 0 such that ∀z ∈ N(x), ∃r > 0 such that
∅ = B(y, r) ∩ Tδ(z) ⊂ Tη(z) + ε, ∀η > 0,
where B(y, r) = {z ∈ Y : d(y, z) < r}, Q + ε = {z ∈ Y : d(z,Q) < ε} and Tη(z) =
{y ∈ Y : ∃U ∈N (z) such that ∀a ∈ U, d(y,T (a)) < η}, where N (z) is the family of
all open neighborhoods of z.
Remark. When Y is a normed linear space, the concept of locally-uniformly weak lower
semicontinuity was given by Przeslawski and Rybinski [15].
The following notion is due to Hadžic´ [10]. Let (X, {ΓA}) be an H -space with a unifor-
mity U and K a nonempty subset of X. K is said to be of generalized Zima type if for each
V ∈ U there exists U ∈ U such that for each D ∈ F(K) and each H -convex subset M of
K the following implication holds:
M ∩ U(z) = ∅, ∀z ∈ D ⇒ M ∩ V (z) = ∅, ∀z ∈ ΓD.
3. ε-fixed point theorems
Theorem 3.1. Let (Y, {ΓA}) be a metrizable H -space with the metric d and X be a non-
empty precompact H -convex subset of Y . Let T :X → 2X be a locally-uniformly weak
lower semicontinuous multivalued mapping such that for each x ∈ X, T (x) be a nonempty
closed H -convex subset of Y . If X is of generalized Zima type, then for each ε > 0,
Fε(T ) =
{
x ∈ X: d(x,T (x)) ε} = ∅.
If in addition, X is closed and T is upper semicontinuous, then T has a fixed point.
Proof. Since X is precompact, cl(X) is compact. Hence for each x ∈ X, T (x) is complete
as T (x) ⊂ X is closed in Y . For each ε > 0 and each x ∈ X, we mark Tε(x) = {y ∈ X:
∃δ > 0 such that d(y,T (z)) < ε, ∀z ∈ B(x, δ) ∩ X} and T0(x) = ⋂ε>0 Tε(x). We first
prove the following several facts:
Fact 1. If 0 < r1 < r2, then cl[Tr1(x)] ⊂ Tr2(x) for all x ∈ X, where cl[Tr1(x)] is the closure
of Tr1(x).
For each x ∈ X and each y ∈ cl[Tr1(x)], there is a sequence {yn: n = 1,2, . . .} in Tr1(x)
such that yn → y. Hence there exists an n0 such that d(y, yn0) < r2 − r1. Since yn0 ∈
Tr1(x), there exists an open neighborhood N(x) of x such that d(yn0, T (z)) < r1 for all
z ∈ N(x). Hence d(y,T (z)) d(y, yn0) + d(yn0, T (z)) < r2 for all z ∈ N(x). This shows
y ∈ Tr2(x). Hence cl[Tr1(x)] ⊂ Tr2(x).
Fact 2. T0(x) =⋂ε>0 cl[Tε(x)] for all x ∈ X.
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Tr(x). Consequently, by Fact 1 y /∈ cl[Tε(x)] as 0 < ε < r . This contradicts that y ∈⋂
ε>0 cl[Tε(x)].
Fact 3. T0(x) is an H -convex subset of Y for all x ∈ X.
For each x ∈ X, if A = {a1, a2, . . . , an} is a finite subset of T0(x), then A ⊂ Tr(x) for
each r > 0. For each r > 0, since X is of generalized Zima type, there is δ > 0 such that
for each finite subset D of X and each H -convex subset M ⊂ X the following implication
holds:
d(z,M) < δ, ∀z ∈ D ⇒ d(z,M) < r, ∀z ∈ ΓD.
By A ⊂ Tδ(x) there exists a δ1 > 0 such that for each z ∈ B(x, δ1)∩X, d(y,T (z)) < δ for
all y ∈ A. Since T (z) ⊂ X is H -convex, d(y,T (z)) < δ for all y ∈ ΓA. Hence ΓA ⊂ Tr(x).
Consequently, ΓA ⊂ T0(x). This shows that T0(x) is H -convex.
Fact 4. For each x0 ∈ X, T0(x0) = ∅ and there exists a σ > 0 with the property that for
each ε > 0 and each y ∈ X, there is a δ > 0 such that d(y,T0(x)) < d(y,Tδ(x)) + 2ε for
all x ∈ B(x0, σ ) = {z ∈ X: d(x0, z) < σ }.
Since T is locally-uniformly weak lower semicontinuous, for each fixed x0 ∈ X, there
exists a σ > 0 with the property that for each ε > 0 and each y ∈ X, there is a δ > 0 such
that for each x ∈ B(x0, σ ) = {z ∈ X: d(x0, z) < σ } there exists an r > 0 satisfying that
∅ = B(y, r) ∩ Tδ(x) ⊂ Tµ(x) + ε, ∀µ > 0, (∗)
where Tµ(x)+ ε = {b ∈ Y : d(b,Tµ(x)) < ε}. Consequently, for ε2 , there exists δ1 > 0 and
r1 > 0 such that
∅ = B(y, r1) ∩ Tδ1(x) ⊂ Tµ(x) +
ε
2
, ∀µ > 0.
Let r0 = d(y,Tδ1(x)) + ε2 . Then B(y, r0) ∩ Tδ1(x) = ∅. Hence there exists a point y1 ∈
B(y, r0) ∩ B(y, r1) ∩ Tδ1(x) ⊂ Tµ(x) + ε2 for all µ > 0, and hence d(y1, Tµ(x)) < ε2 for
all µ > 0.
For y1 and ε22 , there exists δ2 > 0 and r2 > 0 such that
∅ = B(y1, r2) ∩ Tδ2(x) ⊂ Tµ(x) +
ε
22
, ∀µ > 0.
Since y1 ∈ Tδ2(x) + ε2 , B(y1, ε2 ) ∩ Tδ2(x) = ∅. Hence there exists a point
y2 ∈ B
(
y1,
ε
2
)
∩ B(y1, r2) ∩ Tδ2(x) ⊂ Tµ(x) +
ε
22
for all µ > 0. Therefore, d(y1, y2) < ε2 and d(y2, Tµ(x)) <
ε
22 for all µ > 0. Now assume
that y1, y2, . . . , yn has been found such that d(yk, yk+1) < ε2k (k = 1,2, . . . , n − 1) and
d(yk, Tµ(x)) <
ε
2k (k = 1,2, . . . , n) for all µ > 0. For the yn and the ε2n+1 , there exists
δn+1 > 0 and rn+1 > 0 such that
∅ = B(yn, rn+1) ∩ Tδn+1(x) ⊂ Tµ(x) +
ε
, ∀µ > 0.
2n+1
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B(yn,
ε
2n )∩B(yn, rn+1)∩Tδn+1(x) ⊂ Tµ(x)+ ε2n+1 for all µ > 0. Therefore, d(yn, yn+1) <
ε
2n and d(yn+1, Tµ(x)) <
ε
2n+1 for all µ > 0. Consequently, by induction we obtain a se-
quence {yn: n = 1,2, . . .} such that d(yn, yn+1) < ε2n and d(yn,Tµ(x)) < ε2n for all µ > 0(n = 1,2, . . .).
For each positive integer n, by d(yn,T ε2n (x)) <
ε
2n there exists a point zn ∈ T (x) such
that d(yn, zn) < ε2n−1 . Since again d(yn, yn+1) <
ε
2n , the sequence {zn: n = 1,2, . . .} is a
Cauchy sequence in T (x) and d(y1, yn) < ε. By the completeness of T (x) there is a point
y0 ∈ T (x) such that zn → y0. Hence yn → y0 and d(y1, y0) ε. Since d(yn,Tµ(x)) < ε2n
for all µ > 0 (n = 1,2, . . .), d(y0, Tµ(x)) = 0 and hence y0 ∈ cl(Tµ(x)) for all µ > 0.
Hence y0 ∈ T0(x) by Fact 2. Therefore,
d
(
y,T0(x)
)
 d(y, y0) d(y, y1) + d(y1, y0) < r0 + ε = d
(
y,Tδ1(x)
)+ ε
2
+ ε
< d
(
y,Tδ1(x)
)+ 2ε.
Fact 5. T0(x) ⊂ T (x) for all x ∈ X. For each y0 ∈ T0(x), we have y0 ∈ T1/n(x) for all
positive integer n. Hence d(y0, T (x)) < 1n for all positive integer n, and hence y0 ∈ T (x).
This shows that T0(x) ⊂ T (x) for all x ∈ X.
Fact 6. T0 :X → 2X is lower semicontinuous.
For each x0 ∈ X and each open set G in X, if T0(x0) ∩ G = ∅, then there exist a point
y ∈ T0(x0) ∩ G and an ε > 0 such that B(y,2ε) ⊂ G. By Fact 4 there exists an open
neighborhood N(x0) of x0 and a δ > 0 such that d(y,T0(x)) < d(y,Tδ(x))+2ε for all x ∈
N(x0). Since y ∈ T0(x0) ⊂ Tδ(x0), there exists an open neighborhood N1(x0) ⊂ N(x0) of
x0 such that d(y,T (z)) < δ for all x ∈ N1(x0). Since again N1(x0) is an open neighborhood
of x for all x ∈ N1(x0), y ∈ Tδ(x) for all x ∈ N1(x0). Hence d(y,Tδ(x)) = 0 for all x ∈
N1(x0), and hence d(y,T0(x)) < d(y,Tδ(x)) + 2ε = 2ε for all x ∈ N1(x0). Consequently,
T0(x) ∩ G = ∅ for all x ∈ N1(x0). This shows that T0 :X → 2X is lower semicontinuous.
Summing up the above facts we know that T0 :X → 2X is a lower semicontinuous
multivalued mapping with nonempty complete H -convex values and T0(x) ⊂ T (x) for
each x ∈ X. Hence by virtue of Theorem 1 in [10] we know that for each ε > 0, there exist
a point x∗ ∈ X such that d(x∗, T0(x∗)) ε. Consequently, d(x∗, T (x∗)) d(x∗, T0(x∗))
 ε.
If in addition, X is closed and T is upper semicontinuous, then the mapping x →
(x, T (x)) is upper semicontinuous. Consequence, the function x → d(x,T (x)) is lower
semicontinuous. Hence Fε(T ) is closed for all ε > 0. Since again {Fε(T ): ε > 0} has finite
intersection property and X is compact, there exists a point x¯ ∈⋂ε>0 Fε(T ), and hence
x¯ ∈ T (x¯). This completes the proof. 
Remark. Even if Y = Rn, Theorem 3.1 is also new.
Theorem 3.2. Let (Y, {ΓA}) be a metrizable H -space with the metric d and X be a
nonempty complete H -convex subset of Y . Let T :X → 2Y be a lower semicontinu-
ous multivalued mapping such that for each x ∈ X, T (x) ∩ X = ∅ and T (x) be an
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infx∈X α({y ∈ X: d(x,T (y))  ε}) = 0, where α is the Kuratowski measure of noncom-
pactness, then for each ε > 0,
Fε(T ) =
{
x ∈ X: d(x,T (x)) ε} = ∅.
Proof. Suppose that there exists an ε > 0 such that
Fε(T ) =
{
x ∈ X: d(x,T (x)) ε}= ∅. (1)
Since again X ∪ T (X) is of generalize Zima type, there exists a δ > 0 such that for each
finite subset D of X ∪ T (X) and each H -convex subset M ⊂ X ∪ T (X) the following
implication holds:
d(z,M) < δ, ∀z ∈ D ⇒ d(z,M) < ε, ∀z ∈ ΓD.
Let G(x) = {y ∈ X: d(x,T (y)) δ} for each x ∈ X. Since T :X → 2M is lower semi-
continuous, the set
X \ G(x) = {y ∈ X: d(x,T (y))< δ}= {y ∈ X: T (y) ∩ B(x, δ) = ∅}
is open in X, and hence G(x) is closed in X. Hence G :X → 2X is a multivalued
mapping with closed values as X is closed. We claim that G :X → 2X is an H -KKM
mapping. Otherwise, there exists a finite subset E = {x1, x2, . . . , xn} ⊂ X and a point
x∗ ∈ ΓE such that d(xi, T (x∗)) < δ for all i ∈ {1,2, . . . , n}. Since T (x∗) is H -convex,
d(z,T (x∗)) < ε, ∀z ∈ ΓE , and hence d(x∗, T (x∗)) < ε. This contradicts (1). It shows
that G :X → 2X is an H -KKM mapping. By virtue of H -KKM theorem in [3] the
family {G(x): x ∈ X} has the finite intersection property. Since again X is complete,
by Theorem 1 in Horvath [9, p. 403], ⋂x∈X G(x) = ∅. Consequently, there is a point
y0 ∈⋂x∈X G(x), i.e., d(x,T (y0)) δ for each x ∈ X. Since T (y0) ∩ X = ∅, there exists
a point z0 ∈ T (y0) ∩ X, and hence d(z0, z0)  δ. This is a contradiction. Hence for each
ε > 0, Fε(T ) = {x ∈ X: d(x,T (x)) ε} = ∅. This completes the proof. 
Remark. Theorem 3.2 contains Theorem 1.2 as a special case.
4. Fixed point theorems
We need the following lemma, which is Corollary 2.5 in Wu [17].
Lemma 4.1. Let (X, {ΓA}) be an l.c.-metric space, K be a paracompact topological space.
Suppose that F :K → 2X is a lower semicontinuous multivalued mapping with nonempty
complete H -convex values. Then F admits a continuous selection, i.e., there exist a con-
tinuous mapping f :K → X such that f (x) ∈ F(x) for all x ∈ K .
Theorem 4.2. Let (Y, {ΓA}) be an l.c.-metric space with the metric d , X be a nonempty
compact H -convex subset of Y and T :X → 2Y be a lower semicontinuous multivalued
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each z ∈ T (x), there exists α ∈ (0,1) such that
X ∩ B¯(x,αd(x, z))∩ B¯(z, (1 − α)d(x, z)) = ∅, (∗∗)
then T has a fixed point, where B¯(x, r) = {y ∈ Y : d(x, y) r}.
Proof. By Lemma 4.1 there exists a continuous mapping f :X → Y such that f (x) ∈ T (x)
for all x ∈ X. For each x ∈ X, let G(x) = {y ∈ X: d(y,f (y))  d(x,f (y))}. Then
G :X → 2X is a multivalued mapping with nonempty values. Since f is continuous, the
function y → d(y,f (y)) − d(x,f (y)) is continuous. Hence G(x) is closed for all x ∈ X.
We claim that G :X → 2X is an H -KKM mapping. Otherwise, there exists a finite sub-
set A0 of X and a point y ∈ ΓA0 such that d(y,f (y)) > d(a,f (y)) for all a ∈ A0. Since
(Y, {ΓA}) is an l.c.-metric space and y ∈ ΓA0 , d(y,f (y)) > d(y,f (y)), which is a contra-
diction. Hence G :X → 2X is an H -KKM mapping. By virtue of H -KKM theorem in [3],⋂
x∈X G(x) = ∅, and hence there is a point y0 ∈
⋂
x∈X G(x). Hence
d
(
y0, f (y0)
)= inf
x∈Xd
(
x,f (y0)
)
.
We claim that y0 ∈ T (y0). Otherwise, since f (y0) ∈ T (y0), there exists α ∈ (0,1) such that
X ∩ B¯(y0, αd(y0, f (y0)))∩ B¯(f (y0), (1 − α)d(y0, f (y0))) = ∅.
Hence there exists a point z ∈ X such that d(y0, z)  αd(y0, f (y0)) and d(f (y0), z) 
(1 − α)d(y0, f (y0)). Consequently, d(f (y0), z) = (1 − α)d(y0, f (y0)). Otherwise,
d
(
y0, f (y0)
)= αd(y0, f (y0))+ (1 − α)d(y0, f (y0))> d(y0, z) + d(f (y0), z),
and hence
d
(
y0, f (y0)
)
 d(y0, z) + d
(
f (y0), z
)
< d
(
y0, f (y0)
)
.
This is a contradiction. Hence d(f (y0), z) = (1 − α)d(y0, f (y0))  (1 − α)d(z, f (y0)).
We get a contradiction. This shows that y0 ∈ T (y0) and the proof is completed. 
Theorem 4.3. Let (Y, {ΓA}) be an l.c.-metric space with the metric d , X be a nonempty
compact H -convex subset of Y and T :X → 2Y be a locally-uniformly weak lower semi-
continuous multivalued mapping with nonempty complete H -convex values. If for each
x ∈ X with x /∈ T (x) and each z ∈ T (x), there exists α ∈ (0,1) such that
X ∩ B¯(x,αd(x, z))∩ B¯(z, (1 − α)d(x, z)) = ∅, (∗∗)
then T has a fixed point.
Proof. For each ε > 0 and each x ∈ X, we mark
Tε(x) =
{
y ∈ Y : ∃δ > 0 such that d(y,T (z))< ε, ∀z ∈ B(x, δ) ∩ X}
and T0(x) =⋂ε>0 Tε(x). Then by the proof of Theorem 3.1 we know that T0 :X → 2Y is
a lower semicontinuous multivalued mapping with nonempty closed H -convex values and
T0(x) ⊂ T (x) for each x ∈ X. Since T (x) is complete for all x ∈ X, T0(x) is complete for
all x ∈ X.
X. Wu, L. Luan / J. Math. Anal. Appl. 303 (2005) 555–564 563We claim T has a fixed point. Otherwise, x /∈ T (x) for all x ∈ X. Since T0(x) ⊂ T (x)
for each x ∈ X, x /∈ T0(x) for all x ∈ X. For each x ∈ X and each z ∈ T0(x) ⊂ T (x), by the
hypothesis there exists α ∈ (0,1) such that
X ∩ B¯(x,αd(x, z))∩ B¯(z, (1 − α)d(x, z)) = ∅.
By Theorem 4.2, T0 has a fixed point x¯ ∈ X, and hence x¯ is a fixed point of T . We clearly
get a contradiction. Hence T has a fixed point. 
Remark. If every T (x) ⊂ X and X is metric convex, i.e., for any x, y ∈ X and α ∈ [0,1]
there exists z ∈ X such that d(z, x) = αd(x, y) and d(z, y) = (1 − α)d(x, y), then (∗∗) is
satisfied, automatically.
Corollary 4.4. Let Y be a normed linear space, X be a nonempty compact convex subset of
Y and T :X → 2Y be a locally-uniformly weak lower semicontinuous multivalued mapping
with nonempty closed convex values. If T (x) ⊂ X for each x ∈ X, then T has a fixed point.
Proof. If for each x ∈ X with x /∈ T (x) and each z ∈ T (x), then z ∈ X and d(x, z) =
‖x − z‖ > 0. For any α ∈ (0,1), take yα = (1−α)x +αz. Then yα ∈ X∩ B¯(x,αd(x, z))∩
B¯(z, (1 − α)d(x, z)). Hence the conclusion follows from Theorem 4.3. 
5. Nonempty intersection theorem
Theorem 5.1. Let (Y, {ΓA}) be an l.c.-metric space with the metric d , X be a nonempty
compact H -convex subset of Y and T :X → 2Y be a multivalued mapping. If the following
conditions are satisfied:
(i) for each y ∈ X, X \ T −1(y) is closed H -convex,
(ii) for each y ∈ X and each z ∈ X with y /∈ T (z), there exists α ∈ (0,1) such that
X ∩ B¯(y,αd(y, z))∩ B¯(z, (1 − α)d(y, z)) = ∅,
(iii) for each x ∈ X, x ∈ T (x),
(iv) T is transfer closed valued on each open subset of X,
then there exists a point x¯ ∈ X such that x¯ ∈⋂x∈X T (x).
Proof. For y ∈ X, let G(y) = X \ T −1(y). Then G :X → 2X is a multivalued mapping
with compact H -convex values by (i). We claim that G :X → 2X is lower semicon-
tinuous. In fact, for each y ∈ X and each open set V in X with G(y) ∩ V = ∅, we
have V \ T −1(y) = ∅, and hence there exists a point v ∈ V such that y /∈ T (v). Hence
y /∈⋂v∈V T (v). Since⋂v∈V T (v) =⋂v∈V cl[T (v)] by (iv), there exists an open neighbor-
hood N(y) of y such that N(y)∩ (⋂v∈V T (v)) = ∅. Hence for each z ∈ N(y), there exists
v ∈ V such that z /∈ T (v), i.e., v ∈ V \ T −1(z) = V ∩ G(z). This shows that G :X → 2X
is lower semicontinuous. Together with the conditions (ii) and (iii) we know that there
exists a point x¯ ∈ X such that G(x¯) = ∅, i.e., T −1(x¯) = X. Hence x¯ ∈⋂x∈X T (x). This
completes the proof. 
564 X. Wu, L. Luan / J. Math. Anal. Appl. 303 (2005) 555–564Corollary 5.2. Let (Y, {ΓA}) be an l.c.-metric space with the metric d , X be a nonempty
compact H -convex subset of Y and T :X → 2Y be a multivalued mapping with closed
values. If the following conditions are satisfied:
(i) for each y ∈ X, X \ T −1(y) is closed H -convex,
(ii) for each y ∈ X and each z ∈ X with y /∈ T (z), there exists α ∈ (0,1) such that
X ∩ B¯(y,αd(y, z))∩ B¯(z, (1 − α)d(y, z)) = ∅,
(iii) for each x ∈ X, x ∈ T (x),
then there exists a point x¯ ∈ X such that x¯ ∈⋂x∈X T (x).
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